INTRODUCTION TO DYNAMICAL SYSTEMS
Solutions Problem Set 11

Exercise 1. Show that the set of non-diophantine irrational numbers in R \ Q is of Lebesgue
measure 0.

Solution. Notice that we may restrict ourselves to numbers 3 the interval [0, 1], as any non-
diophantine number « € R\ Q only differs from S8 by an integer. Now notice that for each
d € N, we have (pg, gq) such that
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then S belongs to Azd for all d, so all non-diophantine numbers in [0, 1] let us name this set N

d_
Ay =

must be in an infinite number of the sets Ajd, meaning that if

B, = G Ay, then N C ﬁ B,,.
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We finally compute to find
|Aga| < de/qg™, | Bal < 4e,

and thus
|N| < liminf|B,| = 0.
n— oo
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Exercise 2. Recall (or look up) the three lines lemma of Hadamard. Using it, show the
inequality
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provided |¢| < 1, and d > 0. Can you estimate C(d)?
Solution. First of all, call z = |{| € (0,1) and notice that by setting

f:p(z) — (1 _ SL‘)Z+1 Zkz.%'k,
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we have that f, is a holomorphic function on any strip of the form [n —1,n] x iR C C. Letting
z =r +1is, we come to find that

M(r) =sup|f.(r +1is)| = sup Z kb (K| — 2| [(1—2)"| = fal(r),
s s k>0



as all the terms k"z* inside the sum are positive. We can therefore apply the Three Lines
Lemma to conclude that

M(r) < Mn—1)!Mn)'", r=tn—-1)+ 1 —t)n.

Hence we need only show the estimate for d € N. To that end, notice that we may define a
linear operator T as

T(f)(z) = 2f'(2),

in terms of which we may express f as
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Upon computing T¢ we see that it is of the form

Td+1< 1 >_ Pa(x)
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where P, is a polynomial of degree d that satisfies the recurrence
Piii(z) =2(1 —2)Pi(x) + (d + 1)xPy(z), Po(z)=1.

At this point it is an easy induction exercise to check that P; always has nonnegative coefficients,
and that P;(1) = d!, meaning that we can estimate

M®=uﬂwﬂg¥%“ﬁhm“T“(LZ>=w@spmﬁw!
We therefore conclude the desired bound, as well as the estimate
C(d) = |d'[d!]*™", d=t|d]+(1—1t)[d]
O

Exercise 3. Given any non-polynomial holomorphic function u(z) on a disc B,.(0), r > 0, show
that there is an irrational number « € R such that

w(Az) - Aw(z) = ulz), A= 2o

does not have a holomorphic solution on any disc Bs(0).

Solution. Assume u is of the form in (3.5) in LecturelQ.pdf and argue similarly as in Lec-
turell.pdf to conclude. O



